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relativity
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moving frames
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rest frame, S, stays where it is

moving frame, S’, moves in the 
positive x-direction at speed u

at t=0 the frames lie on top of 
each other
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moving frames
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“Galilean co-ordinate 
transformation”
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moving frames & addition of velocity
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an object moving at speed v in frame S will appear to be moving at v’=v-u in S’
e.g. suppose car A is driving along a long straight highway at 
70mph relative to the road (the rest frame, S) 

to an observer in car B traveling at 60mph in the next lane 
(the moving frame, S’), car A is only moving at 10mph

v=70mph

u=60mph

v’=10mph

v0 = v � u

“Galilean velocity 
addition”
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addition of velocity

suppose a baseball pitcher can throw at 90 mph 

v0 = v � u

now suppose you stand on a train platform as a train passes moving at 80 mph 
a pitcher on the train throws a baseball at 90 mph in the same direction as the train’s 
motion
to you on the platform the baseball is moving at 170 mph

v’=90 mph
u=80 mph
v=170 mph

v = v0 + u
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the principle of relativity and the speed of light

the grand sounding “principle of relativity” is simply the statement that

the laws of physics are the same in any inertial frame

which seems harmless and obvious

so the speed of light is the same in any inertial frame

but ε0 and μ0 are the same in any inertial frame

so what ? !

c =
1

p
✏0µ0

but let’s consider electromagnetism

we found that electromagnetic waves in vacuum travel at a fixed speed
given by 

c = 3.00×108 m/s
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addition of velocity

but this is a problem !

now suppose you stand on a train platform as the train passes moving at half the speed 
of light, 1.50×108 m/s, and you’re asked to measure the speed of the laser beam

you think you’re pretty smart, and are too lazy to measure the distance and time, so you 
say the speed of the laser beam is 3.00×108 m/s + 1.50×108 m/s = 4.50×108 m/s

suppose someone on a very high speed train shines a laser pointer forward on the train,
he’ll say that the laser beam travels forward at 3.00×108 m/s

but the speed of light is the same in any inertial frame
if you had actually measured it, you’d have measured 3.00×108 m/s 

something must be wrong with the formula  v = v0 + u
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addition of velocity

something must be wrong with the formula  v = v0 + u

x = x

0 + ut

where did it come from?
- common experience 
- derived from the Galilean co-ordinate transformation

in a time, Δt, 
in frame S an object moving at speed v travels a distance Δx=v Δt
and in frame S’ it travels a distance Δx’=v’ Δt

�x = �x

0 + u�t

�x

�t

=
�x

0

�t

+ u

v = v0 + u
what could possibly be wrong with that !?
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time ?

we only assumed one thing - the time measured in one frame 
is the same as the time measured in another frame

surely that’s right, if we synchronize our identical watches and I 
sit still for an hour while you drive for an hour, if we compare 
the watches, they’ll still agree, right?

we think of time as a universal clock, ticking away, that’s the 
same for all observers 

so we say that if two things happen ‘at the same time’ 
everyone will agree that they happened ‘at the same time’ 
regardless of if they’re moving or sitting still



physics 112N 16

rethinking time

alright, so maybe time isn’t universal, it depends upon how fast we’re moving
- what effects could this have ?

�t0 =
2d

c

time in the rest frame 
of the source, S’

distance traveled as 
viewed by Justin, (frame S) 2` = 2

q
d2 +

�
u�t
2

�2

time as measured 
by Justin, (frame S) �t =

2`

c

�t =
�t0q

1�
�
u
c

�2
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time dilation

an observer at rest measures the ‘proper time’ Δt0, which is always less 
than the time Δt measured by an observer moving with respect to the 
first observer 

-  we call this time dilation 

�t =
�t0q

1�
�
u
c

�2

but if you’ve got any sense, you’ll be saying 
“no way, I’ve never experienced anything like this”, 

and you’re quite justified in being skeptical - demanding 
experimental proof is at the core of the scientific method
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time dilation �t =
�t0q

1�
�
u
c

�2

let’s consider if your personal experiences have ever tested this 
hypothesis 

the fastest any of us could have ever traveled relative to someone at rest 
on the Earth would be about 1000 m/s (few times the speed of sound)

u = 1⇥ 103 m/s

c = 3⇥ 108 m/s
u

c
= 0.3⇥ 10�5

so a one hour trip at this high speed would be considered to an observer at 
rest on the Earth to take one hour and 16 nanoseconds

it’s pretty unlikely that we’d have noticed the extra 16 nanoseconds !

the effects of time dilation are negligible at the kind of speeds we’re 
able to travel at, but what about things that can move very fast ?



physics 112N 19

time dilation of the ‘told-you-so’ train �t =
�t0q

1�
�
u
c

�2
suppose some scientists built a train that can travel at 99% of the 
speed of light, and just to prove you skeptics wrong, they put an 
analogue clock on the back end of the train

you stand on a platform and watch the train pass the station and move 
down the tracks at a constant speed of 0.99 c 

if you time how long it takes the second hand on the train clock to move 
once using your own clock, how long would it take ?
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time dilation �t =
�t0q

1�
�
u
c

�2

now the same train’s engine has developed a fault and it is not traveling 
at fast. 

on the platform using your own clock you find that it takes the second 
hand 2.29 seconds to move one step

how fast is the train moving ?
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time dilation �t =
�t0q

1�
�
u
c
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now this is what we’d call a ‘thought experiment’ - no-one is building 
trains (or any other large object) traveling at 99% of the speed of light

do we have anything to hand that moves really fast that we can test the 
theory with ?

subatomic particles !
in particular, the free subatomic particles called ‘cosmic rays’

muons are produced in the upper 
atmosphere when cosmic rays interact 
with air molecules - they are traveling 
typically at very high speeds, some as 
high as 0.999c. 

We’ve also produced muons ourselves 
in laboratories at much lower speeds 
and found that they can ‘live’ for only 
2.20 microseconds before they ‘decay’ 
into other particles 
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time dilation �t =
�t0q

1�
�
u
c

�2
muons are produced in the upper 
atmosphere when cosmic rays interact 
with air molecules - they are traveling 
typically at very high speeds, some as 
high as 0.999c. 

We’ve also produced muons ourselves 
in laboratories at much lower speeds 
and found that they can ‘live’ for only 
2.20 microseconds before they ‘decay’ 
into other particles 

- the upper atmosphere is 10 km above us 

- a particle traveling at 0.999c covers a distance less 
than 1 km in 2.20 microseconds (as measured by an 
Earthbound observer) so non-relativistic logic would say 
we should not detect muons at ground level 

– experimentally we do detect them 
– why?
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time dilation �t =
�t0q

1�
�
u
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the 2.20 microsecond lifetime clock is ‘onboard’ the muon, so �t0 = 2.20µs

the muon is moving at 0.999c, so for an observer at rest on the Earth, this 
same time period takes �t = 49.2µs

in 49.2 microseconds, an object traveling at 0.999c will cover a distance of 
14.8 km, easily far enough to reach the Earth’s surface and be detected



physics 112N 25

length contraction
the textbook provides you with another 
‘thought experiment’ that shows that ` = `0

q
1�

�
u
c

�2

an observer at rest measures a length of 

an observer moving at speed u parallel to the length 
being measured would measure a shorter length 

`0 - the “proper length”

`

which explains the muon situation, 
in the rest frame of the Earth, the upper atmosphere is 10 km away
but for a muon speeding at 0.999c, that 10 km would only be 447 m 
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causality & faster-than-light signaling

➜ suppose there is a particle (green) that travels faster than light
- a device at the back of the vehicle emits a green particle and light at the same 
time
- when the green particle reaches a device at the front of the vehicle a light turns 
on

➜ the observer in the middle of the vehicle sees the blue light before the red light
- the effect comes before the cause 
- this is REALLY BAD !
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relativistic addition of velocities

➜ needs to be that an object with v<c in one frame, has v<c in all frames

➜ also need anything moving with v=c to move with v=c in all frames

... Galilean velocity addition will not do v = v0 + u
... something moving at c in frame S’ will move at c+u in frame S 

➜ the correct formula is found to be v0 =
v � u

1� uv
c2

... check lightspeed behaves properly : if v = c

v0 =
c� u

1� u/c
= cthen

... check that for low speeds we get what we’re used to : 

v ⌧ c
u ⌧ c

v0 = v � uthen
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relativistic addition of velocities

➜ the correct formula is found to be v0 =
v � u

1� uv
c2

e.g. consider an object moving at half of lightspeed in frame S
in frame S’ moving at u relative to S, it would have velocity

u/c-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0 v0/c

x

y

z

S

x

0

y0

z0

S0

ut



physics 112N 30

relativistic addition of velocities

➜ the correct formula is found to be v0 =
v � u

1� uv
c2

suppose that to an observer at rest on Earth, a spacecraft is moving at a speed 0.5c along 
the positive x-axis. The spacecraft captain fires a probe forward that the observer on Earth 
measures to be traveling at 0.8c .

How fast does the captain of the spacecraft claim the probe is traveling relative to his 
ship ? 
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relativistic addition of velocities

➜ the correct formula is found to be v0 =
v � u

1� uv
c2

suppose that to an observer at rest on Earth, a spacecraft is moving at a speed 0.5c along 
the positive x-axis. The spacecraft captain fires a probe forward at a speed relative to his 
ship of 0.5c.

How fast does the observer on Earth measure the probe to be traveling ? 
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‘general’ relativity

➜ The ‘special’ theory of relativity is just that, special. It applies in only one special case, 
when the observer is in an inertial frame (moving at constant velocity) 

➜  What about when the observer is accelerating? 

➜  Arguably one of the greatest intellectual achievements of human history can be 
obtained by considering the simple situation of a person in an elevator 

➜ imagine standing on a bathroom 
scale in an elevator at rest 
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‘general’ relativity

➜ The ‘special’ theory of relativity is just that, special. It applies in only one special case, 
when the observer is in an inertial frame (moving at constant velocity) 

➜  What about when the observer is accelerating? 

➜  Arguably one of the greatest intellectual achievements of human history can be 
obtained by considering the simple situation of a person in an elevator 

➜ imagine standing on a bathroom 
scale in an elevator at rest 

➜ the forces on you are the 
gravitational pull of the Earth 
downward and an equal and 
opposite normal force from the 
scale upwards 

➜ the scale reads the normal force     
 = your weight 
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‘general’ relativity

➜ now deactivate the safeties and 
cut the elevator cable so the 
elevator is in free-fall
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‘general’ relativity

➜ now deactivate the safeties and 
cut the elevator cable so the 
elevator is in free-fall

➜ no normal force and the scale 
reads zero

➜ you are ‘weightless’
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‘general’ relativity

➜ now imagine you’re in a closed 
metal box at rest in deep-space, 
well away from stars or planets so 
there’s no gravity to be considered

➜ the scale will read zero

➜ is there any way to tell the difference between the two situations?
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‘general’ relativity

➜ Einstein (following ideas of others) 
argued that there is no way to tell the 
two situations apart.

➜ So what?
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‘general’ relativity

➜ Now go back the the elevator on 
Earth at rest:

you “know” there’s a gravitational 
field because the scale reads your 
weight (and you took 111N !)

➜ now imagine you’re in a closed 
metal box in deep-space, well away 
from stars or planets so there’s no 
gravity to be considered, 
but now accelerating upwards 
at a = g = 9.80 m/s2
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‘general’ relativity

➜ now imagine you’re in a closed 
metal box in deep-space, well away 
from stars on planets so there’s no 
gravity to be considered, 
but now accelerating upwards 
at a = g = 9.80 m/s2

➜ you are accelerating upwards, so 
there must be a force on you 

- it’s the normal force from the scale
- the scale reads your weight

➜  can you tell the two situations apart ?
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‘general’ relativity

➜ Einstein proposed that you can’t tell these two situations apart, and hence
“there is no way of telling the difference through experiments between an 
accelerating reference frame and the force of gravity”

➜ Einstein’s incredible intellectual feat was to start from this very simple-
sounding principle and derive a complete mathematical theory of gravitation

➜ The ‘General Theory of Relativity’ concludes that space and time are 
curved due to the presence of massive objects.

- What does ‘curved’ this mean in this context?

a massive logical leap for us
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curvature
➜ it is easiest to think of curvature in terms of the two-dimensional surface of a 
three-dimensional object

➜  We can define what we mean by curved by doing simple geometry:
consider a flat sheet of paper - draw a triangle on it
the sum of the three angles will add up to 180°

➜  now consider the surface of a sphere (like the Earth)
take the following trip: 

start on the Equator and travel due North until you hit 
the North Pole. Turn through any angle you like and 
travel due South back down to the Equator. Turn 
through 90° and travel until you reach your start point

you just drew a triangle (three straight lines) where the 
sum of the angles is bigger than 180°

“flat” or Euclidean geometry

“curved” or non-Euclidean geometry
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“straight” lines on a curved surface

➜ imagine that you try to walk in a straight line on the surface of the Earth

➜ say you walk along the equator. You will try your hardest to walk in a straight 
line but you’ll end up where you started!

➜ the motion of the planets around the sun in General Relativity is somewhat 
like this. The mass of the sun curves the space around it, so that when the 
planets ‘try’ to travel in a straight line they actually end up tracing out a closed 
path.


