
 1
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A ray-theoretic account of the passage of light through a radially inhomogeneous 

transparent sphere has been used to establish the existence of multiple primary rainbows 

for some refractive index profiles. The existence of such additional bows is a consequence 

of a sufficiently attractive potential in the interior of the drop, i.e. the refractive index 

gradient should be sufficiently negative there. Profiles for which this gradient is 

monotonically increasing do not result in this phenomenon, but non-monotone profiles can 

do so, depending on the form of n. Sufficiently oscillatory profiles can lead to apparently 

singular behavior in the deviation angle (within the geometrical optics approximation) as 

well as multiple rainbows. These results may be of value in the field of rainbow 

refractometry. 
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Introduction: Rays in radially inhomogeneous media 

Using elementary differential geometry, it may be shown that if η is the radius vector of a point 

on a ray, and s  is the tangent vector at that point, and ( )n η is the refractive index, then in terms 

of η and η = |η|, 

η ( ) constant.   n η× =s  (1) 

This result, known as Bouguer’s formula1, implies that all the ray paths are plane curves, 

in a plane through the origin, and that along each ray 

( ) sin constant .  n Kη η φ = =  (2) 

where φ  is the angle between the vector η and the tangent to the ray at that point. In a 

spherically symmetric medium, elementary geometry (in terms of the polar coordinates of a 

plane) indicates that 

( ) ( )22

( )sin .   
/d d

η θφ
η θ η θ

=
+

 (3) 

Equations (2) and (3) imply that  

2 2 2( ) ,   d n K
d K
η η η η
θ
= ± −  

whence the governing equation for ray paths in spherically symmetric media is  

0 2 2 2
.   

( )R

dK
n K

ξ ηθ θ
η η η

− = ±
−

∫  (4) 
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In this integral the upper limit of the radial variable η is the dummy variable ξ, where 

0 ,Rξ≤ ≤  R being the radius of the sphere. The initial angle 0θ  corresponds to the value of θ  

when ,Rξ =  namely at the point of entry of the ray into the sphere. To derive an expression for 

the total deviation ( )D i  undergone by a ray after two refractions and one reflection, initially 

incident at angle i , that is a generalization of the primary rainbow ray "path”, the procedure is as 

follows. First consider '( ) 0n η <  as in Fig. 1(a). By symmetry, 

.arcPQ arcQS arcST arcTV= = =  As the ray moves along the path PQ from P to Q, θ is 

increasing while ξ is decreasing, so / 0.d dθ ξ <  Equivalently, if s is the arc length along the ray, 

/ 0d dsθ > and / 0d dsξ <  on this portion of the path. The 0θ =  axis is oriented parallel to the 

incoming ray, so 0 ,iθ =  the angle of incidence. The total deviation along the path PQSTV in this 

case is  

( ) 2 4 ( ) ,    D i i r iπ= + − +Θ  (5) 

where Θ  is the deviation due to the non-zero curvature of the ray path. ThusΘ represents the 

excess deviation over the constant refractive index case, and by symmetry it is four times the 

excess deviation from P to Q. The exact shape of the path obviously depends on the choice for 

( ).n η  It will be assumed that ( )n η is continuous in the interval (0,R). To elucidate the functional 

form of Θ, consider the point Q on the path, corresponding to the stationary angle θ  in the 

diagram, i.e. where  

0.   d
d θ

ξ
θ

=  (6) 

Recall from equation (4) that 
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2 2 2
.

( )
d K
d n K
θ
ξ ξ ξ ξ
= −

−
 

The choice of , where 0K K− >  has been made because ( )' 0θ ξ <  on the portion PQ of 

the arc. Thus condition (6) occurs when (i) 0ξ = , and (ii) more interestingly, when 

( )2 2 2.n Kξ ξ =  This provides a natural definition of the turning point2 ,ξ  where ( );ξ ξ θ≡  on arc 

PQ (or any equivalent arc) this mapping is invertible for a given sign of K, so we also have a 

more useful form ( ).θ θ ξ≡  As can be seen from Fig. 1(a), this is the point at which a ray 

propagating into the droplet is refracted away from its closest point of entry to the center (in the 

case of constant n, the interior ray path is straight of course, but ξ  still defines the point of 

closest approach to the origin. 

It is convenient to employ a dimensionless version of some of the above equations in 

what follows, scaling radial distances within the sphere by the radius R. Let 

/ ,  / , where 0 1,  and / .R R K K Rλ η λ ξ λ λ= = ≤ ≤ ≤ =  At the point of entry P, the angle 

( ),r iφ =  the angle of refraction (see equation (2)). The value of K  determines the subsequent 

path of any incident ray. Since ( )n λ  is discontinuous at 1λ = , it follows that 

( ) ( )

( ) ( ) ( ) ( )

1 1
( ) lim sin lim sin sin ,  but when ,

sin[ ] sin[ / 2] ,

K i n r i i i

K n n n

λ λ
λ λ λ λ λ

λ λ φ λ λ λ π λ λ

− −→ →
= = = =⎡ ⎤⎣ ⎦

= = =

 

so that in principle λ  may be determined for a given refractive index profile from the result 

( ) sin ,    K n iλ λ= =  (7) 
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Notice also that in general the solution λ  will not be unique, but in practice it should be 

straightforward to identify the physically significant one. From equation (4) for ,θ θ=  in 

dimensionless terms,  

 ( )1

2 2 2 2 21 2
, ,  

( ) ( )

d di K K KI i
n K n K

λ

λ

η λθ λ
η η η λ λ λ

− = − = ≡
− −

∫ ∫    (8) 

where ( ) ( ).n nλ η=  This expression is related to ( )D i  using Fig. 1(b). For any convex 

quadrilateral  

2( ),    r iβ π θ= − + + −  (9) 

(and so 0 when constant.nβ = = )  For the total path PQSTV, 2 ,βΘ = from which it follows that 

for '( ) 0n r >  the total deviation for a primary bow is, from (5)       

1

2 22
( ) 2 4 .   

( )

dD i i K
n K

λ

λπ
λ λ λ

= − +
−

∫                 (10) 

As shown in the appendix, this result reduces to the known result for constant.n =  

Clearly, the integral in (10) is improper at the lower limit. This corresponds of course to the 

definition of λ , the value of λ at which ( )' 0;λ θ =  in practice, the integral exists for reasonable 

choices of ( )n λ . In the case for which '( ) 0,n λ <  the curvature is away from the center, i.e. in 

the clockwise sense this time, so equation (5) still applies, but now β is defined as  

2( ),    r iβ π θ= − + −  (9´) 

A specific refractive index profile 
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A specific monotonically decreasing profile for ( )n λ  will be chosen that has several advantages, 

one being reasonable analytic tractability (in the perturbation analysis to follow) and which 

readily illustrates the “double rainbow” phenomenon. The choice below for ( )n λ  was made 

because the gradient '( )n λ is not constant, thereby allowing for the possibility of subtle features 

that may not be present in a linear profile. While it may be argued that a linear profile is simpler 

to investigate, this is not in fact the case: the latter contains a quartic term in the radicand of the 

integral, and results in elliptic integrals that, analytically at least, provide little insight into the 

physics of the problem; furthermore, for this profile λ  is not unique. The equation for λ  in this 

case is admittedly only a quadratic, and it is physically obvious which root to take, but this lends 

a minor but additional complication to a less general and yet more complex case. Furthermore, 

since any smooth profile can be can be reasonably approximated by a linear Taylor polynomial 

for a sufficiently “small” inhomogeneity, the choice of ( )n λ below contains the linear profile as 

a special case. This idea is used in the perturbation analysis below: although λ  is known exactly 

for this refractive index profile it is nonlinear in “sin i” and a linearization of λ about its value 

for 0n  for a homogeneous sphere is very useful in evaluating the integrals below. The choice for 

( )n λ  is subject to the “boundary conditions” ( ) 0 1 0 10  and (1) ,  where .n n n n n n≡ ≡ >  This 

determines the parameters ( )( )0 1 0 1/a n n n n= −  and ( )1
0b n −=  in the chosen profile  

1 0 1

0 1 1

( ) ( ) .   
( )

n nn a b
n n n

λ λ
λ

−= + ≡
− +

 (11) 

The expression for the minimum impact parameter ( )iλ  is found by solving equation (7) to give  
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1

0 1 0 1

sin .   
( ) sin
n i

n n n n i
λ =

− −
 (12) 

Because the numerator is increasing and the denominator is decreasing with i, it follows from 

equation (12) that λ  is an increasing function of i on ( )0, / 2 .π  Now the integral in equation (10) 

reduces to  

( ) ( )
( )

1

2 22
, ,A B

a b d
I i aI bI

K a b
λ

λ λ
λ

λ λ λ

+
= ≡ +

− +
∫  (13) 

       
1

2
where ,  A

dI
C B Aλ

λ
λ λ

=
+ +

∫   (14) 

                  
1

2
,    B

dI
C B Aλ

λ
λ λ λ

=
+ +

∫   (15) 

 

2
22 20 1

0 1

2 22 20 1

0 1

and 1 1 sin 0,

2 2 sin ,   .

n nC a K i
n n

n nB abK i A b K
n n

⎛ ⎞⎡ ⎤−⎜ ⎟≡ − = − >⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠
⎡ ⎤−

≡ − = − ≡ −⎢ ⎥
⎣ ⎦

 

The positivity of C follows from the fact that 0 1 0 1n n n n− <  always for 1 1.n ≥  The above 

integrals are standard forms, so equation (13) can be recast into ( ) ( )1, , ,I i I iλ− where  

( )
( )( )2

2

ln 2 2
,

2arcsin .   
4

a C C B A C B
I i

C
b A B

A B AC

λ λ λ
λ

λ
λ

+ + + +
=

+
+

− −

             (16) 
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Perturbation analysis 

To illustrate the effects of slight non-homogeneity in ( )n η  the profile parameter a will be 

considered small and equal to ε , the expansion parameter in what follows. [This forces 

1
1 5(5 3) ,n ε −= +  but this presents no difficulty because 1 1n ≥  provided 0.4.ε ≤ ] The integral 

(14) will be expanded in powers of ε  and inserted into expression (10) for ( )D i , retaining only 

terms up to ( )O ε in both individual expansions and the final result. Interestingly, terms of 

( )1/ 2O ε , ( )O ε and ( )3/ 2O ε arise, but the terms ( )1/ 2O ε vanish identically. Up to ( )O ε , 

expression (14) is  

( )
( )

2
1

3/ 22 22 2 2 2

1 2 3 4

1 2,     

,

b bKI i a d
K b K b

I I I I

λ

ελλ λ
λ λ λ

⎡ ⎤
⎢ ⎥⎛ ⎞= + +⎢ ⎥⎜ ⎟

⎝ ⎠ ⎢ ⎥− −
⎣ ⎦

≡ + + +

∫  (17) 

where the integrals ,  1, 2,3,4kI k =  for now will remain indefinite. They are  

( )

( )

22 2
1 22 2

2 22 2

2
2

3 3/ 2 22 2 22 2

22
4 3/ 2 22 2 22 2

ln ;

1 arcsin ;

22 ;

22 .   

dI a a K b
K b

d KbI b
KK b

d abKI abK
K bK b

dI b K
K bK b

λ λ λ
λ

λ
λλ λ

λ λ εε
λλ

λ ελε
λλ

⎛ ⎞= = + −⎜ ⎟
⎝ ⎠−

⎛ ⎞
= = − ⎜ ⎟

⎝ ⎠−

= = −
−−

= = −
−−

∫

∫

∫

∫

 

Also condition (7) implies that  
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 ( ) ( ) ( )2sin ,  i.e. sin 1 sin .b i b i i Oλ ελ λ ε ε= + = + +  (18) 

The expression ( )1/ 222 2K bλ − appears in various ways in the above integrals. It is readily 

verified that ( ) ( )
1/ 222 2 1/ 2 3/ 2 3/ 22 sin .K b b i Oλ ε ε− = +  After some algebra the definite integrals 

are as follows:  

( ) ( )

( ) ( ) ( )

( )

( )
( )

1/ 222 2

1 3/ 2
1

1/ 21 3/ 2
2

1 3/ 2
3

1/ 2
1 3/ 2

4 1/ 22 2

1
[ ] ln ;

sin

1[ ] arcsin 2 sin ;
2

[ ] ;

2 2[ ] .
sin 1

K b
I O

b i

I Kb i O
K

I O

I O
i K b

λ

λ

λ

λ

λ
ε ε

π ε ε

ε

ε ε ε

⎛ ⎞+ −⎜ ⎟
= +⎜ ⎟

⎜ ⎟
⎝ ⎠
⎡ ⎤= − − + +⎢ ⎥⎣ ⎦

=

⎛ ⎞= − +⎜ ⎟
⎝ ⎠ −

 

These results are then substituted into equation (10), resulting in (to ( )O ε ) 
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( ) ( ) ( )

( )

( )

( ) ( )
( )

1/ 22 2
1/ 2

3/ 2

1/ 2

1/ 22 2

1/ 22 2

1/ 22 2

( ) 2

1 1 1ln arcsin 2 sin
sin 2

4
2 2

sin 1

1 1 22 4arcsin 4 ln
sin 1

2

D i i

K b
Kb i

b i K
K O

i K b

K b
i Kb K

b i K b

i

π

πε ε

ε
ε ε

π ε

π

= − +

⎧ ⎫⎛ ⎞+ −⎪ ⎪⎜ ⎟ ⎡ ⎤− − + +⎪ ⎪⎜ ⎟ ⎢ ⎥⎣ ⎦⎪ ⎪⎜ ⎟⎪ ⎪⎝ ⎠ +⎨ ⎬
⎪ ⎪⎛ ⎞⎪ ⎪−⎜ ⎟⎪ ⎪⎝ ⎠ −⎪ ⎪⎩ ⎭

⎧ ⎫⎛ ⎞+ −⎪ ⎪⎜ ⎟
≈ + − + −⎨ ⎬⎜ ⎟

⎪ ⎪⎜ ⎟ −
⎝ ⎠⎩ ⎭

= + ( ) ( )
( )

( )

( )

1/ 22 2

1/ 22 2

1/ 22 2

1 1 sin 24arcsin sin 4 sin ln .
sin 1 sin

( ),                                                                    

1 1 sin 2where ( ) 4sin ln
sin 1

h

b i
b i i

b i b i

D i F i

b i
F i i

b i

ε

ε

⎧ ⎫⎛ ⎞+ −⎪ ⎪⎜ ⎟− + −⎨ ⎬⎜ ⎟ −⎪ ⎪⎝ ⎠⎩ ⎭
≡ +

⎛ ⎞+ −⎜ ⎟= −
⎜ ⎟
⎝ ⎠ ( )1/ 22 2

,
sinb i

⎧ ⎫
⎪ ⎪
⎨ ⎬

−⎪ ⎪⎩ ⎭

 18a 

and ( )hD i  is the deviation for the homogeneous sphere (this follows because 1
0b n −= ), and 

( )F iε is the additional deviation, to ( )O ε , due to the non-homogeneous refractive index. In 

order to determine where an extremum of ( )D i occurs (if it does) relative to the homogeneous 

case (occurring at ci i= say), let us use first degree Taylor polynomials in the following manner: 

clearly, since from equation 18a, it follows that '( ) '( ) '( ).hD i D i F iε= +  Near 

,  ,  say ( ), ( ) ( ) '( ).c c c c ci i i i i F i F i F iδ δ δ= = + ≈ +  Then ( ) ( )' 0 '' '( )h c cD i D i F iδ ε≈ + +  to first 

order in small quantities ,δ ε . Since a necessary condition for the existence of extrema in ( )D i is 

'( ) 0,D i = it follows that  
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( )

( ) ( )2

''( ) '( ) '' 0,  or 

'( ) '( ) .   (19)
''( ) '' ''( )

h c c c

c c

h c c h c

D i F i F i

F i F i O
D i F i D i

δ ε δ

ε εδ ε
ε

+ + ≈⎡ ⎤⎣ ⎦

≈ − = − +
+

 

Elementary ray theory shows that ''( ) 0,h cD i >  and ( )' 0cF i < for 0 5 / 3n = (as is readily verified 

from Fig. 2), it follows that 0δ >  in the vicinity of ,ci i.e. the extremum occurs at slightly higher 

values of i  than compared with the homogeneous case. Indeed, from the general shape of ( )F i in 

Fig. 2 it may be seen that ( ) 0F i > for ( )0, ,  where 0.429i μ μ∈ ≈  for 0 5 / 3n =  and ( ) 0F i <  

for ( , / 2].i μ π∈  This is consistent with the fact that compared with the homogeneous sphere, 

according to Fig. 3, there is now a maximum of ( )( ) in 0,D i μ  and the minimum of 

( ) in ( , / 2]D i μ π  is lower, i.e. ( )min( ) .h cD i D i<  The reason for this is that initially, ( )F i  

increases faster than ( )hD i decreases, so ( )D i also increases, decreasing shortly thereafter 

(according to Fig. 3, at i ≈ 16.3° OK).  In fig. 2, the solid curve (F(i)) is drawn for 0 5 / 3n = while 

the dashed curve (F1(i)) is for 0 2.5n = . In fig. 3, 0.25ε =  and 0 5 / 3n = , but even for this 

relatively large “inhomogeneity” the agreement between the exact “TotD(i)” and the linear 

approximation given by equation (18) is quite close. The disparity between these two graphs 

shrinks (as one would expect) as ε  tends to zero. 

Note that the above profile for ( )n λ  was chosen for analytic convenience; it also has the 

advantage that a unique value of  λ could be specified for numerical studies. In general this is 

not the case. However, as noted earlier, to the extent that any profile can be approximated 

(sometimes quite accurately) by a linear Taylor polynomial, this result is general in that it holds 

for any small functional deviation from a constant profile 0n . 
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Power law profiles for n(r) 

Earlier work by Brockman and Alexopoulos3 considered ray optics for particles with refractive 

indices in the form of a power law; in dimensional notation ( ) ( )( / ) .mn r n R r R=  This functional 

form allows for two very unphysical situations: (0) 0n =  when m>0 and (0)  as 0n η→∞ →  

when m<0. If however, a constant index sphere of radius a<R were smoothly matched to this 

type of profile for a<η<R, then such a composite profile might prove useful. Even without 

modification it represents two extreme cases of very weak and very strong central refraction 

respectively. 

For the simple power law index, the expression (10) for D(i) is reducible to a 

generalization of that for constant n. In terms of the dimensionless variable λ , 

( ) 1(1) m mn n nλ λ λ= ≡ , where 1 1.n >  As shown in the appendix, for q internal reflections within 

the drop, 

 ( )2 1 2( 1)( ) 2 2 ,
1 2 1 1

q q m q rD i i r i
m m m

ππ π
+ − +⎛ ⎞ ⎛ ⎞= − + − = + −⎜ ⎟ ⎜ ⎟+ + +⎝ ⎠ ⎝ ⎠

 (20) 

where 1.m > −  [Brockman et al. call D(i) the total bend angle, but they use the letter p to denote 

the number of internal reflections. This can be confusing, because in the optics literature 1p ≥  is 

usually reserved for the order of Debye series contributions, so the number of internal reflections 

is given by 1.p −  Thus p = 0 corresponds to external reflection plus diffraction, p = 1 

corresponds to direct transmission through the sphere, p = 2 corresponds to 1 internal reflection 

(primary rainbow), p = 3 corresponds to 2 internal reflections (secondary rainbow) and so on. 

Proceeding in the usual manner to locate an extremum of D(i) we find that the critical 

angle of incidence, ci , for an extremum (here a minimum) of D(i) is given by  
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( )
( ) ( )

2
1

2 2

1arccos 1
1 1c

ni m
q m

⎧ ⎫−⎪ ⎪= +⎨ ⎬
+ − +⎪ ⎪⎩ ⎭

 (21) 

Clearly, this expression places restrictions on q in terms of m (or vice versa). If for some real 

number s we define [s] to mean the smallest non-negative integer larger than s, then the 

requirement that the argument of the inverse cosine is in the interval [0,1] leads to the dual 

conditions (for 1 1 and 1n m≥ > − ) 

1[ ] and [( 1) 1].q m q m n≥ ≥ + −  (22) 

Examination of the straight lines 1 2and ( 1) 1q m q m n= = + − shows that 2 1  for 1q q m> > − . 

When the constraints on m are expressed in terms of q the [.] notation is unnecessary. Indeed  

1 2
1

1 and 1.qm m q m m
n
+

≤ = ≤ = −  (23) 

These lines are the inverses of those in equation (22), and so 2m m≤ . Let us examine the 

particular case of q = 0: only internal refraction (or direct transmission) occurs. It is still possible 

for a “zeroth-order” rainbow to occur provided 1
1 1,m n −≤ −  so for 1 4 / 3,n =  this means 

0.25.m ≤ − , i.e. the refractive index must be sufficiently “attractive” near the center of the 

sphere. For q = 1 even a mildly “repulsive” refractive index will suffice to induce a rainbow for 

this value of 1n  provided m < 0.5.  

The existence of multiple rainbows of a given order 

The model of Brockman et al. does not allow for the possibility of more than one rainbow of a 

given order since D '(i) from equation (20) possesses the unique zero ic. Some insights about 
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when this phenomenon may occur can be gained by examining the quantity 

( ) ( ) ( sin )n K iρ λ λ λ= = = in equation (10). The turning point λ for a ray with a given angle of 

incidence i is given implicitly by the relation ( ) sin iρ λ = . Fig. 4 shows two refractive index 

profiles: 2
11( ) ( ) [5 4( 0.5) ] / 3nρ λ λ λ λ λ= = − −  and 2

22 ( ) ( ) 4 [1 ( 0.5) ] / 3nρ λ λ λ λ λ= = + − . The 

first corresponds to the refractive index increasing from 4/3 at 0λ =  to a maximum of 5/3 at 

0.5λ =  and then decreasing back to 4/3 at the drop surface, 1.λ =  The second profile 

corresponds to the refractive index decreasing from 5/3 at 0λ =  to a minimum of 4/3 at 0.5λ =  

and then increasing back to 5/3 at the drop surface, 1.λ =  The D(i) graphs corresponding to 

these two symmetric refractive index profiles exhibit interesting differences (see Fig. 5) for 1n  

there is a single minimum near i = 13.8° of arc, whereas for 2n  there is a maximum near i = 8.0° 

and a minimum near i = 65.3° – a double primary rainbow! Clearly the presence of an attractive 

index profile 2n in the central region is the physical reason for this. However, despite the 

different concavities of both the n and the ρ  profiles, there is nothing distinctive in these graphs 

to indicate this contrasting behavior. Perhaps this is not surprising given that it is a weighted 

integral of the reciprocal square root of 2 2sin iρ − that is contributing to D(i). It is worth noting 

that similar results occur for the linear profiles (4 ) / 3 (minimum only) and (5 ) / 3n nλ λ= + = −  

(maximum and minimum). 

Nevertheless, further insight may be gained from the more complicated profile 

( ) [5 sin(6 )] / 3n λ πλ= + . This and the corresponding ( )ρ λ  graph are shown in Fig. 6. Recall that 

the turning point λ  is defined by the equation ( ) sin iρ λ = , so the vertical axis is synonymous 

with sin i as far as λ  is concerned, and therefore it is only of interest to consider 0 1.ρ≤ ≤  

Consider an incoming ray with angle of incidence i increasing from zero to 90°. The axial ray 
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passes through the center and for q = 1 (of interest here), λ is obviously zero. As i increases, so 

too does λ , changing slowly as a function of i at first, and more rapidly later, because the 

derivative of ρ  as drawn is decreasing until the point of inflection is reached. (For portions of the 

graph in which '( ) 0ρ λ > , this effect is reversed, ( )iλ  increases rapidly at first and then slows.) 

However, at the value of sin i corresponding to the relative minimum of ( )ρ λ , λ jumps 

discontinuously on this graph from approximately 0.39 to about 0.57 and then climbs to about 

0.64. If instead of starting at i equal to zero we had reversed the process, starting with a 

tangentially incident ray (sin 1)i = , the “track” of λ  is reversible. At the relative minimum of 

( )ρ λ , this being the coalescence of two turning points (the “inner” one being inaccessible to an 

incoming ray), we might expect some correspondingly aberrant behavior in D(i), and this does 

indeed occur (see Fig. 7). The “spiked” behavior evident in this figure. is therefore associated 

with the discontinuity in the turning point ( )iλ . 

Another feature is noteworthy. It appears that for at least monotonically decreasing n(r) 

profiles, the quantity  

1

2 22
( )                  (24)

( )

dL i K
n K

λ

λ

λ λ λ
=

−
∫  

possesses a point of inflection, while for monotonically increasing profiles it does not, exhibiting 

only a graph with upward concavity. Furthermore, it is apparent from Fig. 8 (drawn for a linearly 

decreasing refractive index profile) that the derivative '( )L i is negative in the interval of interest. 

These are obviously necessary conditions for the existence of double extrema in the graph of 

D(i), since the remaining terms are linear in i. This feature is also present for the parabolic 
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profile 2( ) 4[1 ( 0.5) ] / 3,n r r= + −  so it appears that the double bow exists provided the profile is 

sufficiently attractive in the deep interior of the drop. 

Nevertheless, these general criteria on L(i) are still insufficient to translate into conditions 

on n(r). In the graphs below for ( ) (5 ) / 3n λ λ= −  (Fig. 8), D(i) is the total deviation (10) and 

Dl(i) is just the linear part of D(i), namely ( ) 2 . Dl i i=  

Conclusion  

A ray-theoretic account of the passage of light through a radially inhomogeneous transparent 

sphere has been used to establish the existence of multiple ( 2≥ ) primary rainbows (and in 

principle, higher-order bows) for some refractive index profiles. The existence of such additional 

bows is a consequence of a sufficiently “attractive potential” in the interior of the drop, i.e. the 

refractive index gradient should be sufficiently negative there. Profiles for which this gradient is 

monotonically increasing do not result in this phenomenon, but non-monotone profiles can do so, 

depending on the form of n. Indeed, sufficiently oscillatory profiles can lead to apparently 

singular behavior in the deviation angle (within the geometrical optics approximation) as well as 

multiple rainbows. 

These results may be of value in the field of rainbow refractometry and thermometry, 

which are optical techniques used to measure the refractive index (and hence temperature) of 

transparent  particles (including fuel droplets), and the cross-sectional shape of dielectric 

cylinders 5-22. These techniques can be used to determine very small spatial and time-varying 

changes in refractive index, and are valuable for analysis of the combustion of liquid 

hydrocarbons, the injection of sprays in high-pressure environments, as well as spraying/drying 

techniques employed in the food, agricultural and pharmaceutical industries 13. Gradients of 
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refractive index can be caused when droplets undergo simultaneous heating and evaporation in a 

combustion chamber, and will be primarily radial if internal convection can be neglected 

compared with thermal conduction 14.  Similar refractometry  studies have been carried out to 

determine the refractive indices and radii of unclad optical fibers 23-25. While much of the work 

referenced above is based on geometrical optics, some utilize the more sophisticated Airy and/or 

Lorenz-Mie theories, explicitly or implicitly 15,17-20, and most recently, generalizations of the 

Airy theory in combination with geometrical optics have been carried out 26,27. The present study 

provides a basis for investigation of more complex radial gradients in refractive index than has 

hitherto been the case. 

Appendix 

(i) constant n 

For the case of constant n N= , it is seen from a straightforward modification of Fig. 1b’ 

that sin ( sin ) / / ,R r R i N K N aξ = = = ≡  so that  

( )( )

2 2 2 2 2

1 1 arcsec arcsec
( )

1 1arcsec csc arcsec1 0.
2

R Rd d R
N aN a aN K a

r r
K K

ξ ξ

η η ξ
η η η η η

π

⎛ ⎞
= = −⎜ ⎟

− − ⎝ ⎠

⎛ ⎞= − = − >⎜ ⎟
⎝ ⎠

∫ ∫
 

Therefore  

/ 2( ) 2 4 2 4 ,rD i i K i r
K

ππ π−⎛ ⎞= − + = + −⎜ ⎟
⎝ ⎠

 

as is required. 
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(ii) Derivation of equation (20) 

Starting with equation (10), let 1 1( ) ,  1.mn n nλ λ= >  Then the integral in equation (10) is  

11

2 22 2 2 2
1

1
1

n

ym

d dy
mn K y y K

λ

λ

λ λ +
=

+− −
∫ ∫  

in terms of 1
1

my n λ +=  and 1
1

my n λ += , where 1 0.m + >  This new integral is the same standard 

form as in part (i) above, and so equals  

1
1

11 1arcsec .
( 1) 1 2

mn r
m K K m

λ

λ π+⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟+ + ⎝ ⎠⎝ ⎠⎣ ⎦
 

This is half the internal “bend angle” for direct transmission, and the bend angle is multiplied by 

 ( 1)q q ≥  for q internal reflections, resulting in  

( )2 1
( ) 2 ,

1 2
q

D i i r
m

ππ
+ ⎛ ⎞= − + −⎜ ⎟+ ⎝ ⎠

 

this being is the first form of equation (20).  

(iii) Alternative formulation 

Returning to the case of a general profile ( ) ,n λ  equation (10) for ( )D i can be recast as follows: 

define a new dependent variable ( ) ( ).y nλ λ λ≡  In terms of differentials, ( ) /d dy dn nλ λ= −  

and so the integral in (10) can be rewritten as the sum of two others (note the order of the limits 

in the second integral), i.e.  
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( )
1

1

1 ( )

2 2 2 22 2 2
.  

( )

n n

K n

d dy dn I I
n K y y K n y n K

λ

α βλ

λ

λ λ λ
= + ≡ +

− − −
∫ ∫ ∫  

Now 

1
1 1

22

1 1 1arcsec arcsec ,
sin 2

n
n

K
K

ndy y r
iK K K Ky y K

π⎡ ⎤ ⎛ ⎞⎛ ⎞ ⎛ ⎞= = = −⎜ ⎟ ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦−
∫  

so the contribution to ( )D i from the first three terms, 2 4 2 4i KI i rαπ π− + = + − , is just the 

deviation for a primary bow produced by a sphere of constant refractive index 1n . Thus the 

second integral represents the additional contribution from the inhomogeneity of the sphere. In 

this respect it is a generalization of perturbation result (18), with the difference that the 

homogeneous part refers to a sphere with refractive index Rn  as opposed to 0n . The second 

integral, Iβ , is more problematical because it requires the quantity ( ) ( )y nλ λ λ=  to be 

expressed in terms of .n  This alternative formulation may prove useful for subsequent 

theoretical analyses however. 
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List of captions 

Fig. 1 (a) The ray path for a single internal reflection; any point on the path is identified by its 

polar coordinates ( ), .ξ θ  

Fig. 1 (b) The geometry for the derivation of equation (10). 

Fig. 2  F(i) defined by equation (18a) is the incident angular component of the additional 

deviation incurred for the inhomogeneous sphere over that for the homogeneous one (see 

equation (18), and is plotted for 0 5 / 3.n =  F1(i) is for 0 2.5.n =  

Fig. 3  Graphs of (i) the exact ray deviation TotD(i) found from equation (10) for the profile 

1( ) ( )n a bλ λ −= +  with  (= 0.25 here)a ε= and 0 5 / 3n = , corresponding to 1 5 /(5 3)n ε= + ; (ii) 

the deviation for the homogeneous sphere Dh(i) for 0( ) 5 / 3n nλ = = ; (iii) the additional 

deviation ( ),F iε  due to the inhomogeneity (see equations (18) and (18a)); (iv) the linear 

approximation to the deviation Dh(i) + ( ),F iε  as calculated from equation (18). 

Fig. 4 Graphs of symmetric refractive index profiles. 

Fig. 5 Graphs of D(i) for two symmetric refractive index profiles ( ) ( )1 2and .ρ λ ρ λ ] 

Fig. 6 (a)  Variation of refractive index n(λ) as a function of the normalized radius λ of the 

sphere. 

Fig. 6 (b)  Variation of singular point ρ(λ) as a function of the normalized radius λ of the sphere. 

Fig. 7.  Graph of D(i) for ( ) [5 sin(6 )] / 3n λ πλ= + . Note the multiple extrema and also the 

apparent singular behavior near arcsin 0.76 49.5i ≈ = °, corresponding to the smallest minimum 

of ( )ρ λ  in Fig. 6. 
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Fig. 8  Graphs of (i) D(i) as given by equation (10); (ii) the integral term L(i) as defined by 

equation (24) and (iii) the linear part of D(i), namely ( ) 2Dl i i= , where ( ) ( ) 4 ( ) .D i Dl i L i π= + −  
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Fig. 1 (a) The ray path for a single internal reflection; any point on the path is identified by its 

polar coordinates ( ), .ξ θ  
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Fig. 1 (b) The geometry for the derivation of equation (10). 
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Fig. 2   F(i) defined by equation (18a) is the incident angular component of the additional 

deviation incurred for the inhomogeneous sphere over that for the homogeneous one (see 

equation (18), and is plotted for 0 5 / 3.n =  F1(i) is for 0 2.5.n =  
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Fig. 3  Graphs of (i) the exact ray deviation TotD(i) found from equation (10) for the profile 

1( ) ( )n a bλ λ −= +  with  (= 0.25 here)a ε= and 0 5 / 3n = , corresponding to 1 5 /(5 3)n ε= + ; (ii) 

the deviation for the homogeneous sphere Dh(i) for 0( ) 5 / 3n nλ = = ; (iii) the additional 

deviation ( ),F iε  due to the inhomogeneity (see equations (18) and (18a)); (iv) the linear 

approximation to the deviation Dh(i) + ( ),F iε  as calculated from equation (18). 
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Fig. 4 Graphs of symmetric refractive index profiles. 
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Fig. 5 Graphs of D(i) for two symmetric refractive index profiles ( ) ( )1 2and .ρ λ ρ λ ] 
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Fig. 6 (a)  Variation of refractive index n(λ) as a function of the normalized radius λ of the 

sphere.    
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Fig. 6 (b)  Variation of singular point ρ(λ) as a function of the normalized radius λ of the sphere. 
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Fig. 7. Graph of D(i) for ( ) [5 sin(6 )] / 3n λ πλ= + . Note the multiple extrema and also the 

apparent singular behavior near arcsin 0.76 49.5i ≈ = °, corresponding to the smallest minimum 

of ( )ρ λ  in Fig. 6. 
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Fig. 8  Graphs of (i) D(i) as given by equation (10); (ii) the integral term L(i) as defined by 

equation (24) and (iii) the linear part of D(i), namely ( ) 2Dl i i= , where ( ) ( ) 4 ( ) .D i Dl i L i π= + −  

 


