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Abstract—Three-level operator-difference schemes with weights in Hilbert spaces are considered.
A priori stability estimates are obtained for perturbations imposed on the operator (coefficients) of the
Cauchy problem, on the initial conditions, and on the right-hand side of the equation. Coefficient stabil-
ity in the L, norm is analyzed by invoking the superposition principle, which makes it possible to discard
the unnatural condition of p-stability. Strong stability estimates are also presented in stronger norms.

1. INTRODUCTION

Two- and three-level schemes are most frequently used for time discretization in an approximate solution
of time-dependent problems in mathematical physics [1]. In the analysis of the well-posedness of such
schemes, primary attention is usually given to the stability of solutions with respect to the initial data and
the right-hand side of the equation [1, 2]. However, in a numerical solution of a differential problem, the
coefficients of the equation may be given approximately rather than exactly. Thus, it is important to analyze
schemes with perturbed coefficients.

A difference scheme is called coefficient-stable (co-stable) if its solution changes little under small per-
turbations in its coefficients [1]. A priori estimates that express a continuous dependence of the solution on
perturbations in the right-hand side and the operator of the equation (the so-called strong stability) were
derived in [1-4] for time-independent problems. As to time-dependent problems, we note paper [5]. The
strong stability of two-level operator-difference schemes was analyzed in [2, 4, 6-9].

We obtain strong stability estimates for three-level operator-difference schemes in Hilbert spaces.

2. AUXILIARY RESULTS

Suppose that H is a finite-dimensional real space and ®, = (¢, =nt,n=0,1, ..., Ny Ngt=T} =, U
{T} is a given temporal grid. Let A, B, D: H —~ H denote linear operators defined in H and independent of
Tort,. '

Consider the Cauchy problem for the operator-difference equation

Dy +By;+Ay = 0, yo = up, y1 = 4y, @n
where y, = y(t,) € H is the desired function and ¢,, u,, u; € H are given.

Hereafter, we use the standard index-free notation employed in [1, 2]: y=y,, ¥ =Y,415 ¥ =Vu-1> Vi =
0=y, =0 -, y:=( - 5)‘)/217, and y;, = (9 — 2y - ¥ )/t Denote by Hy (where R* = R > 0) the

space with the inner product (y, v)g = (Ry, v) and the norm [ly|> = Ry, y).

Lemma 1 (see [2, p. 101]). Let the operators A and D in (2.1) be constant and such that A = A* >0 and
D = D* > 0.251?A. Then, B 2 0 is a necessary and sufficient condition for scheme (2.1), with @ = 0, to be

stable with respect to the initial data in Hig; Le., forany 1> 0,

1Yl g <I¥illgs n = 1,2, ..., Ng, 2.2)
where Y, = {Y\", YP}, vV =0.5(y, +y,_), ¥Y? =y, —y,_,,and ||Ynl|§4 =025y + ¥ ”/24 + |Iy7||2-0.2512A'
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Lemma 2 (see [2, p. 106]). Let the operators A and D in (2.1) be such that
A* = A>0, D* = D>025(1 +&)T°A, £>0. (2.3)
Then,

£ v
1—:_8'")'”,4 <| Y"ﬂ <|yl4+ ”)’i”u-

Lemma 3 (see [2, p. 125]). Let conditions (2.3) be fulfilled, and let B 2 0. Then, the difference
scheme (2.1) is stable with respect to its right-hand side and initial data, and its solution satisfies the a pri-

ori estimate
" 1+¢
[Ynsilla< m{llyollA +Hyadlo+ Y TII(P:IID-I} me = /-e— 24)

s=1
For simplicity, we restrict our analysis to three-level operator-difference schemes with weights:
(6, 6,)

Yiu+Ay =@, Yo = Uy, Y = Up. (2.5)

Here, y(ol’ % - 0.y + (1 -6, - 0,)y + G,¥. Note that the identity

(0),0;)

= y+U0, -0y y:+ O.5‘c2(c71 + G,)y;, 2.6)

can be used to transform scheme (2.5) into the canonical form (2.1).
Denote by y the solution to problem (2.5) in which the right-hand side, the initial condition, and the
operator are perturbed:

- ~ ~(0}, 06,) ~ -~ - ~ ~
Y+ Ay = ¢, Yo = Up, Y1 = Ug. (2.7
From (2.5) and (2.7), we obtain a problem for the solution’s perturbation z, = y, — ¥,
5+ A" = §-9)-(A-a)7" %, 2.8)
29 = ﬁo—uo, Z = ﬁl—ul. (2.9)

Substituting (2.6) into Eq. (2.8), we transform this equation into the canonical form
Dz;,+ B+ Az =, zop = Ug+ Uy, 21 = Up—Uy, (2.10)

where

~(0,), [ 9]

B = 1(6,-0)A, D = E+051%(0,+0,)A, W = (§~@)—(A-A)y 2.
In what follows, we assume that the operators A and A in (2.5) and (2.7) are self-adjoint, constant, and
positive:
A* = A>0, A* = A>0. (2.11)

To define a measure of perturbation in A (which is generally unbounded), we introduce a constant o
appearing in the inequality

l(A- )y, v<alyldvl;, yveH, a20. (2.12)

Then, the strong unconditional stability of the solution to problem (2.5) means that there exist positive con-
stants M, M,, and M, that are independent of » or the initial data in problems (2.5), (2.7) and are such that,

for a sufficiently small 1 < 1,
Iy - )’”(1) <M, "5’0 - )’0”(1) + Mz”‘b - (P”(z) + QM3("5’0"(3) + ”(P“(4)) (2.13)

~for any yq, yo; @, ¢ € H; here, || |l are norms in H. If (2.13) holds for an arbitrary H, then the scheme is
called absolutely stable.
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3. STRONG STABILITY IN H

The stability analysis of three-level schemes in the H norm with respect to their initial data and right-
hand sides is a difficult task. In [1, 10], the stability analysis is based on the superposition principle, which
makes it possible to discard the unnatural condition of p-stability. These ideas are used below to obtain a

priori estimates of strong stability.
Theorem 1. Suppose that the operators A and A satisfy (2.11) and (2.12), and the weights &, and o,
satisfy the conditions

6,20,20, ©,+0,<1,
3.1)

6, +0,2(1+€)/2-2/(t%0),

Then,z=y -y [the difference of the solutions to (2.7) and (2.5)] satisfies the following strong-stability esti-
mate in the L, norm:

E m{nzou o+ 3 tlo, -0, + w{u&ou,-, 5ol + 31l ﬂ (32)

s=1 s=1
where D, = A~ + 0.51%0, + 6)E and D = E + 0.57%(0, + G A..
Proof. Premultiplying Eq. (2.10) by A-, we obtain another canonical form of the difference scheme for z:
Dz + Bizg+ Az = Yy, 2o = Ug—Uy, 27y = Uy Uy

~(0y, 0'2)

Here, A, =E, B, =1(01—62)E26, and Y, =AY (@ —@)-A- (A —A)y
Letz= é +7 , where é is a solution to the inhomogeneous equation (2.7) with homogeneous initial data,
Diz;+B;+Az =V, 2, =0, 7, =0, (3.3)

and 7 is a solution to the homogeneous equation (2.7) with inhomogeneous initial data:

2 2 2 2 ~ 2 ~
DIZ;,+BIZ;’ +A]Z = \l"l’ 9 = Ug— Ugp, 4y = Uy Uy (3.4)

Following [2, p. 124], a solution to problem (3.3) is sought in the form of the sum (superposition prin-
ciple):

= Z‘Cgm, n=12,.. z3=0,
where g, is a function of n for each fixeds=1,2, ...,n~ 1 and satisfies the equation
Dl(gnx)7;+B](gnx);+Algnx = O (35)
with the initial conditions
g, =0, (0,51B, +Dl)&1—’%—“’“ = v, (3.6)
Since A™! 2 E/||A|| for self-adjoint operators, we conclude that, under the conditions in the theorem,
l+e¢
D, -~ ~0.25(1 +€)7° A=A L > cl+02——-2— E=0.

Since D, > 0 and H is a finite-dimensional space, D, > 8E. For By 20 and w = (g, , 1 ; — &:s)/T, the scalar
product of (0.5tB, + D))w = y, and w yields

~{(6},63)

Iwlg, < ((0.5TB, + D))w, w) = (A (@-0), w)+ (A7 (A=A)5 """, w). 3.7
To estimate the right-hand side of (3.7), we use the Cauchy-Schwarz inequality and property (2.12) to
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obtain
(A7 (§~0), w) <16 -0l lwl -,

~(0,,0;) ~(6,,03)

(A A-4)77,w) = (A-4)5, a7 w) < al 5 alw] .

Substituting these expressions into (3.7) and using |wl .. < [w]p,, we obtain the estimate

~(61,07)

Ys

18 )sdlp, < los- 0 . + @ i (3.8)

Since conditions (2.3) are satisfied by D,, B;, and A, the application of Lemmas 1 and 2 to the solution to
problem (3.5), (3.6) yields

"gn+ 1,.\'" < me"(gt).r.r"Dl'

Summing this relation over s from 1 to n and taking into account (3.8) and the inequality

n
1
Zn+1” < ztngn+l,x”’
s=1

we find the estimate

~(61,063)

Vs

n n
1 -~
Z'l+1|| < me(ZT”(ps_ (P.v"A-l + GZT
=1 s=1

;,J. 3.9
Applying Lemmas 1 and 2 to the solution to problem (3.4) produces
2
Znatl S me(Jzol + 2l p,)- (3.10)
To derive the final estimate (3.2), we have to estimate the sum
y1
s=1

To this end, we write problem (2.7) for a perturbed solution in the canonical form

~(6,,03)
K

Dy; + By:+ Ay = P, Yo = U Y = U,

D = E+057(0,+0,)A, B = 1(0,-0,)A, A* = A>0,
and apply Lemma 3:

n

1

s=1

~(6,, 63)
K

ast, max [5;s z,.me[n;ou;, + s+ Y, rufpsnb_l].

s=1

Substituting these estimates into the triangle inequality ||z|| < 12l + JZ|l, we arrive at the desired estimate,
which completes the proof of the theorem.
Example 1. In the rectangle

Or = Qx[0,T], Q= {x:0<x<l}, 0<:<T,

consider the Dirichlet problem for the one-dimensional hyperbolic equation

2
oIu Lu+ f(x,t), Lu = i(k(x)a—”), O<x<l, 0<t<T, (3.11)
ot ox dox

w©,) = u(l,t) =0, 0<t<T, u(x,0) = uy(x), %k;(x,O) = uy(x), 0<x</, (3.12)
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0<c;<k(x)<c,, x€Q, «¢;,c, = const. (3.13)

Since we seek a continuous solution, the following matching conditions are assumed to hold for it:
uyx) = uy(x) =0, xel, f(x,n) =0, xely, (3.14)
where I is the boundary of 2, and I'; is the lateral surface of Q. On a uniform grid ® = ®, X ®,, ®, =
{x;=ih,i=0,1,...,N, hN =1}, where ®, = {t,=nt,n=0, 1, ..., Ny, TN, = T}, and the steps h and T are

constant, the differential problem (3.11)—(3.13) is approximated by an ordinary difference scheme with
weights:

Yie: = @y ), i+, i=1,2..,N-1, (3.15)
yorl =y =0, n=01,...,Ny, O = up O = By (3.16)
Here, y(ol’ % _ 6,9 +(1 -0, —0,) + 6, ¥, &, (x) = uy(x) + 0.5t[Luy + f(x, 0)], and @ = a(x), x € @} isa

standard template functional satisfying the condition 0 < ¢; < a(x) < ¢, atx € ®, =, U {xy=}. The dif-
ference scheme (3.15), (3.16) is reduced to the operator scheme

(0}, 63)

Yu+Ay =Q, Yo = Uy Yo = U

by Setting y= (yl’ cees YN- I)T’ (P = ((plv LRRE ] (pN—l)Tv (pi =f(xi)7 and (Ay)l = _(ayf)x,i’ l = lv 27 ey N_ 1’
yo =y~ = 0. Here, A is an operator from H into H, where H = ¥, is the linear space of vectors of the form
(v(x)), ..., v(xy_1))%, with the inner product and the norm defined, as usual, by

N-1
(yv V) = Zhyiviv ”V” = ’V(V’ V)
i=1

Consider the perturbed problem

~ ~(G,,0,)

5)?!,1' = (ay_ )x,i+(bi7 l = 17 23"'7N—17

X
5}(’)1+1 = 5);+1 =07 n = 07 17 ey N07 (S)O)i = aOb (5}?)[ = li“’
where 0< ¢; < a(x)< ¢,,xe o}, and
(A9)i = ~(@ys), i=1,2..,N=1, o =73y=0.

The properties of the operator A have been studied extensively (see [1]). In particular, inequalities (2.11)
hold for it. Before applying Theorem 1, we show that the operator

(A-A)y = ~(@-a)yy);
satisfies condition (2.12) with a constant o = cg||@ — a||¢, where ¢y = (¢;¢; )" and ||-||c = max|[-| . Specifi-
Xe w,

cally,
(A~ a)y, vl<alyladvlz, »ve H a20
Indeed, since |a —a| < a@'” a'? in this case, we use the first Green difference formula to obtain
(A= Ay, vl = [(@-a)y, vl < afa s llla™ vl = alylivil,

where

‘ N
(y’ V] = Zhylvl

i=1
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Next, applying Theorem 1 to the solution to the difference scheme (3.15), (3.16), we obtain the a priori
estimate (3.2), which means that the scheme is strongly stable in the L, norm under the following conditions

on G, and G,:
1+ 2
0'120'220, -—2-—-—T

. 4 3
£0,+0,<1, c¢ = max{|A|, ”A”}<§, ¢y = max{cy, C,}.
T

4. STABILITY IN THE H, NORM

To derive strong-stability estimates in stronger norms, we use another measure of perturbation in A (see
[7-9D):

lA-4)vl<alav], a=0, veH. .1

We will need to use the following lemmas.
Lemma 4. Let the operator A in the two-level operator-difference scheme

By, +Ay = ¢, te o, y0) =y, “4.2)
be self-adjoint, constant, and positive:
A=A*>0. 4.3)
Then, under the condition
B>0.514, 4.4)

the difference scheme (4.2) is stable with respect to its right-hand side and initial data, and the solution to
the problem satisfies the a priori estimate

[¥nsilla < [yola + ool -+ + loal - + Z |, k"A-l' 4.5)

k=1

Proof. This theorem is usually proved by the method of stationary inhomogeneities [2, p. 148]. We
present another, very simple proof of this result. By using the identity v = v(®3 - 0.5tv, scheme (4.2) can
be rewritten as :

(B-051A)y,+ Ay®® = o,

where Y = 63 + (1 — 6)y. Multiplying this equation by 21y, and taking into account conditions (4.3) and
(4.4), we obtain the energy inequality

1na s = 2G> @) + 1@ull3ct S [yl s = 2070 0) + 9l (4.6)
By using ||A"2v]| = ||v||, and |JA'2v]| = |v] ., (4.6) is written as
@

4 <

yn+1-A_l(pn yn—A—l(pn

Next, we add A~'@, _ | to and subtract it from the right-hand side of (4.7) to obtain the recurrence relation

A-

”)’k+ 1~ A—l(pk”A < ”)’k ~AT @, l”A + T”(Pi,k”A—x-
Summing over all k =1, 2, ..., n, with the use of ||u|| - || v|| < ||u — V]| in the left-hand side, produces

1aeila <l@d o+ Dy = A7 00lls + 3 thondl o (4.8)

k=1
The term |ly; — A~ @yl is estimated by applying (4.7), with n = 0:

”)’1 - A—l(pOHA < ”)’0 - A—l(pOHA-

Substituting this into (4.8) and using the triangle inequality, we arrive at the desired estimate (4.5). The
proof of Lemma 4 is completed.
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Lemma 5. Let the conditions in Lemma 3 be fulfilled. Then, the difference scheme (2.1) is stable with
respect to its right-hand side and initial data, and its solution satisfies the estimate

45,1l < mg(uAyou +ydlp+ il +lod + 3 fllwll} 49)

k=2
D = AD.

Proof. We premultiply (2.1) by the operator A to reduce the original problem to a convenient canonical
form, i.e., to the three-level operator-difference scheme

5)’?1"’[_;)","*'2)’ =@, yo= Uy Y1 = U (4.10)
Here,
D=AD, B=AB, A =A% © = A¢.

Defining &4 and 9B as the operator matrices

A 0 B+0.5tA Iz e
A = 1= B= v |, R=D-=A4, (4.11)
0 —2R 1- 1 = 4
T —-R —R
T T

we reduce (4.10) to the two-level scheme
BY,+AY = ®, Y, e H, (4.12)

for Yn = {05()/',1 +yn— l)’ Yn —yn—l} and q)n = {(pm O}
Applying Lemma 4, we obtain a stability estimate for the solution to scheme (4.12) with respect to its
right-hand side and initial data:

1Yaila IVl + 1AQ o+ A@ o+ 3 TlA0

k=1

Substituting the estimates from Lemma 2 into this inequality and using (4.11), we find the following a priori
estimate for the solution to Eq. (4.10):

1+¢ ’
1AYnaill < ,/T(”AYON + 1yl + ol + loaf + D Tlles, kIIJ-
k=2

The proof of Lemma 5 is completed.
The following theorem states the strong stability of the scheme with weights (2.5).

Theorem 2. Let A* =A >0and A* = A >0 be constant and satisfy condition (4.1), and let inequalities (3.1)
be valid. Then, the solution z=y -y to problem (2.8), (2.9) satisfies the a priori estimate

Nzns1lla < me(”zoﬂA + [z, 0l p + Z )|0x — @l
k=l (4.13)

' w{lé&oll 3,0l + Kol + max ol + 3 rufp;,ku]].

k=2

Proof. Consider the canonical form of the problem for z (see (2.8), (2.9)). Since D! < E, we conclude,
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by Lemma 3, that

Jzaailla < me[IIZoIIA +ledlp+ Y Tllufkll} (4.14)

k=1

~ (0, 0,)

where i, = (§; — @) - (A - A)y,
To estimate |[y||, we use the triangle inequality and property (4.1) the operator perturbation:

lvil <6: - i + o450 ).

The sum

n

5. o

k=1

is estimated by applying Lemma 5:

> o4z < rnm{llix&oll + 15, o+ 131] + max @ + 3 ru@,ku}

k=1 k=2

Substituting the last inequalities into (4.14), we arrive at (4.13), which completes the proof of Theorem 2.
Example 2. Let us illustrate the above results by using a two-dimensional initial-boundary value prob-
lem for the wave equation.
In the parallelepiped

Qx[0,T], Q= {x]|x=(x,x),0x,<l, =12}

consider the equation

8_2u = Lu+ f(x,1), Lu = i-(k (x)éﬁ)+-a—(k (x)a—u) xe Q, 0<t<T 4.15)
atz » axl ! axl axZ 2 axZ ’ ’ - ’ )

u(x,) =0, xedQ, 0<t<T, 4.16)

u(x,0) = uy(x), xe Q, %?(x, 0) = uy(x), x€Q, 4.17)

under the assumption that 0 < ¢; € k,(x) < ¢,, x € Q.

We introduce a uniform grid ® = ®, x ®,, where ®, = {t,=n1t,n=0,1, ..., N;; TNy =T}, ®, = ®; X
®, =W, U Y, Y, is the set of boundary nodes, ®, = {x, = ighg, i =0, 1, ..., Ny, Nohg =1, }, and W, =W, U
{xn, =1a).

Let H = ¥, be the set {y(x) }, . @, of grid functions defined on ®, and satisfying the condition y(x) =0,

x € Y. The inner product and the norms are defined, as usual, by the relations
Ny Np-1

,v) = Y u@v@hh, vl = Jv,v). |vi ]’ =Y, Y vihh,
xe w, ig=1lig=1
I} = [[ve 4 1veds IVl = [V + Vel [¥le = maxiveo).
On the grid ®, the differential problem (4.15)—(4.17) is approximated by the di;ference scheme
Vie = @@ys" ), + @Wys" ), + 00 1), x€ W, te o, (4.18)
¥x,t) =0, xevy, te o, 4.19)
y(x, 0) = up(x), xe w,, y(x,0) = u(x), x€ ®, 4.20)

where a;, a,, and @ are template functionals, and 0 < ¢, < a,(x) S ¢, forxe ®; X .
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The difference scheme (4.18)-(4.20) is reduced to the operator scheme (2.5) by setting

(Av)(x) = —(al(x)vi])xl—(az(x)viz)xz, xeE®, vix)=0, xev,.

Consider the corresponding perturbed problem

Fiu = @@ + @@ ), + @), xew, fe o, (4.21)
yx,0) =0, xev, te, (4.22)
$(x, 0) = iy(x), x€ ®, jix, 0 = nx), x€ 0, (4.23)

where

0<c;Sa,<0y, |(aa )z,

<¢5, o=1,2. (4.24)
Defining the operator

(AV)(x) = ~(8(0)75), — (@@ V5),, *ew, V() =0, x€7

we reduce scheme (4.21)—(4.23) to the operator form (2.7). The operators A and A are self-adjoint and pos-
itive [1].
Let us show that condition (4.1) is fulfilled for the operator

(A=A)y = (@ -ay)ys), — (@ - a)ys)x2, (4.25)

ie., ||(;4 -Ay|l < (x|];1 || with a nonnegative constant

o = c4(0; +0,), ¢4 = const>0, (4.26)

5212 - azlel C}. (4.27)

a-ayc}, 0, = max{”alxl"alxl”c’l

1 -
o, = E_lmax{”al —a,| o)

To prove this assertion, we use the following lemma (see [2, p. 184]).
Lemma 6. For any grid functiony € ¥, '

Iyl <MlAyl, M = const>0. (4.28)

(@-ay), = ((45%)ars)
a-—a

= (T) (@y;),+ (@@ Ha-a), + (@, -~ a))ys, v, = vix+h)

Applying the identity

to operator (4.25) and using condition (4.27), we obtain

lcA - Al < o (|@@ys,),, D)+ @0y + o) (ys | + [ys])s € = E1&8s (4.29)

l + ”(az)’iz),z

Applying the algebraic inequality a + b < N2(a* + b?) gives the estimate
[Gi5), | + [y, | S VEIAS,  [ya] + [y < V2. (4.30)

Substituting (4.30) into (4.29) and using Lemma 6, we arrive at (4.1) with a constant & = ¢,(¢,; + 0,), where

4= J2max{M, 1 + ¢M). Consequently, by Theorem 2, we conclude that the solution to the difference
scheme (4.18)(4.20) satisfies the a priori estimate (4.13), which means that the scheme is strongly stable.
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