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Abstract

We report calculations for exclusive ionization-excitation Compton cross
sections, both total and differential in energy transfer, for n = 3-5 of the
negative hydrogen ion and the helium atom. We find that, unlike the cross
section for n = 1 and 2, the exclusive cross sections for n > 3 are not very
sensitive to atomic parameters such as geometric size and electron correlation.
We discuss differences and similarities of the cross sections when different
initial-state wavefunctions are used, and compare with the Compton cross
section for collision of a photon with a free electron. Our calculations have
been carried out for photon energies from 6 to 60 keV.

1. Introduction

Compton scattering for single ionization of atoms has been described in terms of photon—
electron properties combined with atomic wavefunctions for the initial state (Williams 1977,
Heitler 1984, Namito et al 1995, McGuire et al 2000). On the one hand, total cross sections for
single ionization via Compton scattering are usually largely independent of atomic properties,
including the geometric size of the atom, as well as multi-electron effects such as electron
correlation. This makes the Compton scattering process different from photoionization or
fast charged particle scattering, which are strongly dependent on atomic properties. On the
other hand, Compton cross sections for ionization with excitation to a specific excited level,
n, are strongly influenced by multiple-electron effects (McGuire 1997) since it is unlikely that
ionization and excitation are both caused by direct interaction with a single photon with a
weak electric field. Thus it is interesting to calculate and compare ionization-excitation cross
sections for two distinctly different two-electron systems in order to determine under what
conditions electron correlation and other atomic properties significantly influence Compton
scattering. For this purpose we have calculated cross sections, both total and differential in
energy transfer, for both H™ and He, which are quite different in their atomic properties.
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Two-electron transitions in He have been widely studied in recent years both theoretically
and experimentally (McGuire 1997, McGuire et al 2000, Suri¢ et al 1994, Dalgarno and
Sadeghpour 1992, Samson et al 1993, 1994, Bethe and Salpeter 1977, Anderson and Burgdorfer
1993, 1994, Hino et al 1994, Bergstrom et al 1995, Wang et al 1996, Spielberger et al 1996,
1999, Morgan and Bartlett 1999, Anatoli er al 1998, Qui er al 1997, Meyer et al 1997,
Azuma et al 1995, Krissig et al 1999). Theoretical results for ratios of total cross sections
for ionization-excitation and for double ionization to cross sections for single ionization have
been evaluated for both Compton scattering (McGuire 1997, McGuire et al 2000, Surié et al
1994) and for photoionization (Dalgarno and Sadeghpour 1992) at high photon energies for
both He and H™. In a recent paper (McGuire ef al 2000) we presented total cross sections for
ionization with the final state of the second electron specified in n = 1 and 2 for Compton
scattering in H™ and He. However, no differential cross sections for ionization-excitation are
available, and comparison of differential two-electron transition cross sections for different
atomic systems has not been done. To determine when electron correlation and other atomic
properties influence Compton scattering we have chosen to compare both differential and total
cross sections in H™ and He, whose atomic properties differ significantly. In the ground state
of He both electrons are at the same distance from the nucleus. In contrast, in H™ the ‘outer’
electron sits at around four Bohr radii (4 () from the nucleus with the ‘inner’ electron at 1 ag.
Furthermore, unlike He, no bound state can exist in H™ without electron correlation.

In this paper we compare high-energy Compton scattering from these two atomic systems
in three stages. The simplest is Compton scattering from two free electrons. Next, we
include atomic properties with uncorrelated wavefunctions. Finally, we use fully correlated
wavefunctions. We extensively use the concepts of exclusive and inclusive cross sections
(McGuire 1997, McGuire et al 2000, Liidde and Dreizler 1985). For exclusive cross sections
the final state of all of the electrons is specified. For inclusive cross sections the final states
of all but the so-called ‘active’ electron are summed over. From this point of view in this
paper single-ionization cross sections are inclusive, while ionization-excitation cross sections
are exclusive. Both inclusive and exclusive cross sections can be measured experimentally,
but the inclusive cross sections are generally easier to measure since only the final state of one
electron need be determined.

2. Theory

2.1. Compton scattering by free electrons

The Compton scattering cross section, differential in the energy transfer, €, of a photon scattered
from a free electron is given, within the lowest-order relativistic quantum electrodynamics, by
the Klein—Nishina formula (Klein and Nishina 1929). For an unpolarized incoming beam of
photons one has (Jauch and Rohrlich 1955, Heitler 1984) using atomic units,

dor _3¢ 7 w; +a),-—e+ e 2 2u€ 0
de 8 Owiz w; — € w; w;(w; — €) w;i(w; — €)

where € = w; —wy = a)iz(l —cosf)/(u+w; (1 — cos0)) is the energy transfer, w;(y) are the
energies of the incident (scattered) photons, € is the scattering angle of the photon, u = c?
is the relativistic rest energy of the electron, ¢g = 37r§ = 6.65 x 107> cm?, the Thomson
scattering cross section by a free electron and ry = 2.817 x 10~'3 cm = «? au is the classical
electron radius. The maximum energy transfer is commonly known as the binary-encounter
limit, wg. In this differential cross section the variable may be chosen as the energy transfer €
as in equation (1) above, or the momentum transfer g, or the scattering angle 6 of the photon. In
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terms of the variable 0, equation (1) gives dor /d(cos @) ~ (1+cos?8). In terms of the variable
€,do s /de has two maxima corresponding to the minimum and maximum energy transfer to the
electron, at & = 0 and 7, respectively. As we shall see our calculations show that the energy
transfer distribution of equation (1) is quite similar in appearance to a (1 +cos? 6) distribution,
which characterizes differential distribution for Compton scattering.

2.2. Two-electron systems, H~ and He

The Hamiltonian for a two-electron, non-relativistic atom is given by

)
H=ﬂ+p2 Z Z 1

S T T st (2)
22 fnl rl =l

where pi(2) and 7y(y) are the electron momentum and position, and Z is the nuclear charge.
The last term in equation (2) is the electron—electron interaction term. In our uncorrelated
approximation we replace the 1/|7| — 7,| potential by a mean potential field, thus reducing the
initial state wavefunction, |i), to a product of ground state wavefunctions for each electron.
In our correlated calculations we do not approximate the initial state wavefunction. Our
correlated wavefunction is a configuration-interaction (CI) function, expanded in terms of
Sturmian functions (McGuire et al 2000, Qui 1995, Fritsch and Lin 1991). An expansion with
20 terms yields a ground state energy of —2.904 au for He, accurate to within one part in 10%.
To achieve the same accuracy for the ground state energy of H—, —0.528 au, 35 terms are
needed in the expansion. More terms are needed for H™ since it is more strongly correlated
than He.

At the high photon energies considered in our calculations we expect the final state, | f),
to be only weakly dependent on correlation. Thus we use a simple product of a hydrogen-
like wavefunction for the bound state multiplied by a Coulomb wavefunction for the ejected
electron (McGuire et al 2000, Wang et al 1996). We force orthogonality to the initial state
through the use of the ‘Gram-Schmidt” orthogonalization method (Itza-Ortiz 2000).

The electron—photon interaction Hamiltonian includes both (5 - A) and A? terms. Both
terms contribute to Compton scattering. However, for high photon energies and weak photon
fields only by the A% term is significant. This approximation is referred to as the A®
approximation (Bergstrom et al 1995, Eisenberger and Platzman 1970, Kornberg and Miraglia
1996).

The Compton cross section differential in the energy, €, transferred to the target, is given
by (Wang et al 1996),

do,g* _/qmuxd dUF/dQ |]__ ()|2 (3)
de , q4 de kIS filg

where dor /de is the differential cross section for a free electron, g is the momentum transfer,
gmin = €/C, gmax = Qw; — €)/c, dS2; is the solid angle of the ejected electron momentum k
ande =w;, —wy =1+ k?/2 is the energy transferred to the bound electron. The factor,

Frilg) = <f L i> 4)
j=1.2

is the atomic form factor, which is the basic transition matrix element for fast charged particle
scattering as well as for Compton scattering (McGuire 1997, Burgdorfer ef al 1994).

The maximum photon energies considered here are limited by the high maximum angular
momentum, L,x, needed for numerical convergence of the cross sections (Wang et al 1996).
In He L,,x = 60 is required for a photon energy of 60 keV. For convergence of the H™ cross
section a larger Ly,,x = 80 is required for 20 keV photons. A larger L. is needed for H™
because the wavefunction extends to larger distances.

min
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3. Results and discussion

In this section we present results of calculations of both exclusive ionization-excitation (n = 1—
5) and inclusive single-ionization cross sections. Our results are presented at three levels of
completeness. The first level is Compton scattering by a free electron using equation (1),
which is completely independent of the properties of the atomic target. In our second level
calculations are done using equation (3) with uncorrelated wavefunctions, which include gross
atomic properties but omit the more detailed effects of electron correlation. At the third level
equation (3) is used with correlated initial state wavefunctions. We restrict our attention to
cross sections where the outgoing electrons are fast, so correlation in the final state is small.
Based on the results of Spielberger et al (1999) for double ionization we estimate the effect
of final state correlation to be about 10% for an incoming photon energy of 30 keV, and about
5% for an incoming photon energy of 60 keV.

In figure 1 we present for the first time a result for a various Compton cross sections in H™,
differential in energy transfer for an incoming photon energy w; = 10 keV. All cross sections
are somewhat similar in shape to the cross section for Compton scattering by a free electron
given by equation (1). This shape corresponds to a simple (1 + cos? #) dependence, discussed
below equation (1). Our uncorrelated calculations yield a modified shape corresponding to the
(1 + cos? ) weighted by the momentum distribution of the H™ electrons. Beyond the binary-
encounter limit, wg, this momentum spread causes the cross section to drop rapidly with
increasing energy transfer. It has been noted (Bergstrom et al 1995, Kornberg and Miraglia
1996, Itza-Ortiz 2000, Suri¢ e al 1991) that for energy transfers beyond the binary-encounter
limit, the second order of the term (p - A) may provide a significant contribution to this
differential cross section. When correlation is included and the second electron remains in the
ground state, the energy distribution for the exclusive cross sections is about 20% smaller than
for an uncorrelated H™ target (McGuire et al 2000). However, the shape of the distributions
is not changed much by correlation. The similarity of correlated cross sections, summed
over n = 1-5i, to the uncorrelated cross section for n = 1 is due to a sum rule discussed
below.

Figures 2 and 3 show the exclusive n = 2-5 cross sections differential in the energy
transfer, €, for H™ and He at w; = 10 and 30 keV, respectively. When the second electron is
excited to a bound state the energy distribution decreases in magnitude, as indicated by the scale
factors in the captions. These scale factors do not have any special significance. They simple
give an order of magnitude difference with respect to the n = 1 differential cross section.
The energy distributions all follow the (1 + cos? 6) shape weighted by the electron momentum
distribution. Again, the shapes of these cross sections are not very sensitive to correlation,
except above the binary-encounter limit, wg, where the cross sections are small. There is
also a small shift in the position of the high-energy maximum as n increases. This could be
due to an increase in the classical threshold for ionization-excitation as n increases. These
exclusive cross sections for n > 1 are due to multi-electron effects since the interaction with a
single photon is very unlikely to produce both ionization and excitation. At incoming photon
energies near the classical threshold for Compton scattering (not shown) the two maxima in
the energy transfer distribution merge into one single maximum, similar to cross sections for
double ionization (Anderson and Burgdorfer 1994, Wang ef al 1996, Kornberg and Miraglia
1996).

Total ionization-excitation cross sections were found by numerically integrating
equation (3). Figure 4 shows the total exclusive cross sections into n = 2-5 of He and H™.
The total exclusive cross sections generally decrease as the incoming photon energy increases,
except for n = 2 which is relatively flat. The Compton cross sections decrease slowly at
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Figure 1. The differential cross section for ionization of H~ by Compton scattering of 10 keV
photons, as a function of the energy transfer €. The chain curve represents the uncorrelated limit
with the second electron remaining in n = 1. The full curve represents a correlated calculation
summed over contributions from excited states from n = 1to 5. Since the higher n terms are small,
this is nearly the inclusive single-ionization cross section. The broken curve is the correlated limit
for the exclusive cross section with the second electron remaining in n = 1. The short-broken curve
represents twice the Compton scattering of a photon by one free electron, given by equation (1). The
classical binary-encounter limit, wg, is the maximum energy transfer allowed by a free electron.
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Figure 2. Differential cross sections in H™ as a function of the energy transfer, €. The broken
curve represents the cross sections calculated without correlation. The uncorrelated shapes are the
same for excitation to all final states, although the absolute values differ. The full curves represent
ionization-excitation to level n for n = 2-5. To clarify this figure all cross sections were multiplied
by the following factors: uncorrelated to the second electroninn = 1, 1.0; correlated n = 2,4.337;
n=23,325.1;n=4,871.7;n =5, 1567.9.
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Figure 3. Differential cross sections in He as a function of the energy transfer, . The broken
curve represents the cross sections calculated without correlation. The uncorrelated shapes are the
same for excitation to all final states, although the absolute values differ. The full curves represent
ionization-excitation to level n for n = 2-5. To clarify this figure all cross sections were multiplied
by the following factors: uncorrelated to the second electroninn = 1, 1.0; correlated n = 2, 35.74;
n=3,241.6;n =4,643.5;n =5, 1203.3.
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Figure 4. Exclusive total cross sections for ionization-excitation in H~ and He. The excitation of
the second electron is into states with n = 2-5.

high photon energy due to relativistic effects. This decrease with increasing photon energy is
slightly more pronounced for the larger n. As n increases the ratio of the photon energy to the
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Figure 5. Difference exclusive ionization-excitation cross sections in He and H™. The difference
is normalized to twice the Compton cross section for scattering of a free electron. The exclusive
cross sections n = 1 and 2 are sensitive to multi-electron effects but not n = 3-5. The n = 1 and
2 differences have opposite signs. The difference in the inclusive single-ionization cross section,
found by adding contributions for all 7, is not sensitive to multi-electron effects.

binding energy decreases. We note that the magnitude of the n = 2 ionization-excitation cross
section for H™ increases by almost a factor of two when correlation is removed (McGuire et al
2000).

Figure 5 shows the difference between total exclusive ionization-excitation cross sections
for various values of n in H™ and He, normalized to twice the total Compton cross section by a
free electron. The differences in this figure due to the different atomic properties of H™ and He
are remarkably small. Our numerical results are consistent with the cross section ratios of Suri¢
et al (1994). To find a value for n = oo we have used the results of Anderson and Burgdérfer
(1994) for He and the results of Wang et al (1999) for H™. Specifically we use aratio of 0.008 35
for He and 0.0082 for H™ for double to single ionization, multiplied by the single-ionization
cross sections to obtain the total cross sections. We estimate the error in these calculations to
be about 10%. However, the difference between He and H™ for n = oo has a relatively large
uncertainty since the He and H™ cross sections are similar in magnitude. For n = 1 and 2 the
difference between He and H™ are both about 17% of twice the free-electron cross section, but
with opposite signs. Thus the effects of differences in these atomic targets tend to cancel when
exclusive cross sections are summed to form inclusive cross sections. For n greater than 2 the
differences between the exclusive ionization-excitation cross sections, summed over all shells,
are relatively small, i.e. less than 0.03%. Thus for large n the exclusive ionization-excitation
cross sections are largely independent of the properties of the atomic target, including electron
correlation. For the inclusive cross sections the difference between He and H™ is within our
numerical accuracy of about 1%. To this accuracy the inclusive cross sections are equal to
twice the Compton cross section by a free electron (McGuire ef al 2000). At high photon
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Table 1. Calculated values for the inclusive Compton cross section (cm?) for He and H™. Twice
the cross section for Compton scattering of a free electron is denoted by 2o. The numbers in
square brackets are powers of 10.

w; He H™ 20F

6.0 8.2330[—25] 1.2188[—24]  1.3002[—24]
8.0 9.6373[-25] 1.2366[—24]  1.2905[—24]
10.0  1.0441[—24] 1.2420[—24] 1.2359[—24]

20.0 1.1516[—24]  1.2050[—24] 1.0912[—24]
30.0 1.1490[—-24] — 1.1950[—24]
60.0 1.0643[—24] — 1.0912[—24]

energies the total inclusive Compton cross sections for single ionization are independent of the
properties of the atomic target. Similar comparisons between H™ and He have been done for
photoionization cross sections (Dalgarno and Sadeghpour 1992, Qui et al 1997, Meyer et al
1997).

In table 1 we tabulate results for the inclusive cross sections and the Compton cross section
by a free electron. The individual exclusive cross sections for n = 3-5, normalized to twice
the Compton cross section by one free electron, for H~ (He) are 0.0030 (0.0031), 0.000 99
(0.0011) and 0.00048 (0.000 49), respectively. As expected the total exclusive cross sections
become smaller as the excitation level increases. Thus we expect that exclusive cross sections
for n > 5 are not sensitive to electron correlation. The exclusive cross sections n = 3-5 are
in approximate agreement with an n~* dependence (Bransden and Joachain 1983, Stolte and
Bruch 1996) as shown in figure 6. That is, our exclusive cross sections for n > 3 can be fitted
approximately by a curve f(n) = C/n?, where C is a constant. The density of atomic states
varies as n~>. We note that our total Compton cross sections are in good agreement with other
published calculations (Anderson and Burgdorfer 1993, 1994, Samson et al 1994, Hino et al
1994, Bergstrom et al 1995, XCOM 1998), as well with the few experimental data results
available for He (Samson ef al 1994). Unfortunately, no experimental results for Compton
scattering cross sections of H™ are available.

As seen from equations (3) and (4), the difference in correlated and uncorrelated cross
sections is proportional to the difference of the squares of the correlated and uncorrelated
atomic form factors (McGuire et al 2000, Itza-Ortiz 2000). It is straightforward to show
(Itza-Ortiz 2000) that this difference is given by

Acor = Z {|]_—;lg)rrelated (q)|2 _ |fu?correlated (C])|2}
S#i
SOV Y D @I = [(f] D i) i)
S#i Jj=12 j=12

— <i|e*i§-(7177‘z)|i) + (i|eié'(;‘7;2)|i)

—(ile 9T |i) (i[> ]i) — (ile™972|i)(i]elTT|i)
L AGFr ey 12 L AG Ty \ (2 . ig-rie 12 . ig-rr1e \12
— (1T 2 = (1) 12+ (1€ i) 1+ [Gialel 7 i) 2. (5)

The term A, is proportional to the size of the effect of electron correlation in inclusive cross
sections. This term depends only on the initial state |i) and not on any final state parameter.
As the correlation disappears in the initial state wavefunction, i.e. |[i) — [i}) |i2), the term
Acor — 0. For a correlated initial-state wavefunction Aoy — 0 as g — 0. Also A — 0
as ¢ — oo since €77 oscillates rapidly for large ¢ and all terms go to zero. For moderate ¢,
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Figure 6. The ratio of H™ and He exclusive ionization-excitation cross sections to twice the
free-electron cross section. For n = 3-5 they vary approximately as n 3.

the €97/ terms oscillate about zero producing significant cancellation. Moreover, the various
terms in equation (5) tend to cancel pairwise. Consequently, Ao, is small. Thus the correlation
effects tend to cancel in inclusive differential cross sections. This analysis also applies to
inelastic scattering by fast charged particles, where the cross sections are also proportional to
the square of the atomic form factor, although the weighting in the g distributions differ from
Compton scattering. Since Ao tends to oscillate about zero as a function of ¢, there is even
more cancellation of correlation effects in inclusive total cross sections.

4. Conclusions

We have presented calculations for differential and total cross sections of exclusive and
inclusive Compton cross sections for H~ and He at high photon energies. The cross sections
differential in the energy transfer follow a (1 + cos®6) shape, characteristic of the photon
scattering by a free electron, weighted by the atomic momentum distribution of the electron.
The shape of the differential Compton cross sections is not very sensitive to correlation in
the initial state wavefunction. The magnitudes of the exclusive ionization-excitation cross
sections can be sensitive to electron correlation. In particular, in H™ the magnitude, unlike
the shape, of the cross section for ionization with excitation into n = 2 is quite sensitive to
correlation. These cross sections for excitation into n = 2 are anomalously large because the
outer electron in H™ has a radius anomalously close to the radius of n = 2 in neutral H. In
general the exclusive cross sections for excitation into n = 3, 4 and 5 seem not to be sensitive
to electron correlation from the initial state. This does not contradict previous results (Surié
et al 1994) concerning excitation into subshells / = 0 and 1, which do seem to be sensitive
to electron correlation. In our result correlation effects tend to cancel when including all
subshell contributions. We expect the same result for higher excited levels. The total inclusive
Compton cross section is insensitive to the atomic properties of the target. The free-electron
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cross section, described by the Klein—Nishina formula, is remarkably accurate for calculating
total inclusive single-ionization Compton cross sections of N-electron atomic systems because
the differences in the squares of the correlated and uncorrelated form factors largely cancel,
as can seen in equation (5).
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